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Abstract
The fin efficiency of annular composite fins with rectangular 
profile is presented. The analytical solution is compared to the 
Gardener’s expression for one material fins. We conclude that 
Gardener’s expression can be used for a composite (bi-material) 
fin, by changing only the value of one parameter (temperature 
distribution). The efficiency of a Zinc coated fin and Zinc alloy 
coated fin is considerably increased. The ratio of the efficiency of 
the coated fins to the efficiency of the basic fin may increase by a 
factor of two for thin fins having a large fin tip radius to base radius 
ratio (Re/Rb).The study also includes, the temperature variation, 
which exists along the fin, from base to tip. It is observed that, 
high thermal conductivity coating materials are minimizing the 
temperature variation from base to tip. Therefore the efficiency of 
zinc alloy coated fin is more compared to Zinc coated fin.
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I. Introduction
Fins or extended surfaces are often used to enhance the rate of heat 
transfer from the primary (base) surface. The rate of heat transfer 
through a solid can be increased by using the extended surfaces 
called fins. The selection of any particular type of fin depends on 
the geometry of this surface.  The proposed equations do not allow 
a computation of the temperature of the temperature distribution 
and of the efficiency of fins made of two materials. 
The present work is an attempt to investigate the effect of high 
thermal conductivity coating materials, viz., Zinc and Zinc alloy 
on the efficiency of the fin at various design conditions. These 
kinds of fins are encountered in galvanized steel heat exchangers. 
The expression for fm efficiency derived by the Gardner is 
developed to read the Bessel values from the table i.e. “Selected 
Magnitudes of Bessel Functions” and the corresponding fin (basic 
and bi-material) efficiency and efficiency ratio were calculated. 
The efficiency of annular composite fins is compared with the 
efficiency of basic fin, for various geometrical characteristics 
and convection coefficients. The temperature variation along the 
fin radius was also presented; these results were compared with 
the basic fin, taking into account of the effect of the thickness 
of the fin.

II. Theoretical Development  
The mathematical formulation is based upon the following 
assumptions:

The heat transfer rate is steady, i.e., the heat flow and 1. 
temperature distribution throughout the fin are not dependent 
of time.
The fin materials in each region are homogeneous, i.e., the 2. 
composition of the materials throughout the fin is same.
The fin materials in each region are isotropic, i.e., the properties 3. 
of the materials are uniform in all direction.   
The thermal conductivities (λ) of the fin material are constant 4. 
(their dependence on the temperature is negligible).
There are no heat sources within the fin.5. 
The heat transfer can be calculated with Newton’s law.6. 

The heat transfer coefficient (h), is the same all over the fin 7. 
surface.
The temperature of the surrounding fluid (Tf) is uniform.8. 
The heat transferred through the fin tip is negligible, when 9. 
compared to the heat removed from the entire surface of 
the fin,
The temperature at the root (base) of the fin is known,10. 
The contact resistance between cylindrical tube and fin base 11. 
is negligible.
Also the contact resistance between core material and 12. 
laminated material is negligible.

Control volume element for heat (energy) balance Consider a 
small control volume element having sides of length ‘dr’ and 
thickness ‘dz’.
Solve the equations (partial differential form) of heat propagation 
in the core material (region-1) of the fin and the coated material 
(region-2) of the fin.

A. Keywords
a = Integration variable
b = Integration variable
C = Fin thickness (m)
I0 = Modified Bessel function of the first kind 
            and of order zero
I1 = Modified Bessel function of the first kind 
            and of order zero.
Ko = Modified Bessel function of the second 
            kind and of order  Zero
K1 = Modified Bessel function of the 
              second kind and of order one.
h = Convection coefficient (w/m2k)
Q = Heat flux (w/m2)
 r = Radius (m)
R = Function of ‘r’
Rb = Fin base radius (m)
Re = extremity radius (m)
T = Temperature (K)
T1 =Temperature on the surface of the core 
             material (K).
T2 = Temperature on the inner surface of the 
              coating material (K)
Tf = Fluid temperature (K)
Tb = Temperature at tin base (K)
Te = Temperature at fin extremity (K)
z = Abscissa
Z = function of ‘z’
Z1 = function of ‘z’ for a one material fin
Z2 = function of ‘z’ for a bi-material fin.

B. Greek Symbols
δ     = Temperature distribution parameter for a 
          one material fin [m-1]
δ2    = Temperature distribution parameter for a 
           bi-material fin [m-1]
η      = Fin efficiency (%)
ηb    = Basic fin efficiency (%)
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ηc   = Coated fin efficiency (%)
θ    = Temperature difference (K)
θ1   = Temperature difference in one 
          material fin (K)
θ2  = Temperature difference in bi-material tin 
         (K)
λ   =Thermal conductivity (W/m K) 

Fig. 1:

The rate of heat flow into the element in the radial direction.

    (1)
The rate of heat flow into the element in the axial direction 

    (2)
The heat propagation in the core material of the fin may be written 
as,

 = 0    (3)  
  
Similarly the heat propagation in the core material of the fin may 
be written as

 = 0    (4)  

At the interface of the two materials, the temperature in the core 
material is equal to the temperature in the coated material.
θ1(r, z = C1/2) = θ2 (r, z = C1/2)   (5)
θ1 = T1 (r, C1/2) - Tf
θ2 = T1 (r, C1/2) - Tf      
Likewise, the heat fluxes are equal at the interface of two 
materials,

  (6)
At the fin surface, the heat flux by convection is equals the heat 
flux by conduction.  

  (7)                                           
Now, that each temperature difference is the product of a function 
of ‘r’ and function of ‘z’
θ1=R1(r).Z1     (8)
θ2 = R2(r).Z2     (9)        
Equations (8) & (9) substituting in equation (5)

R1(r). Z1 (C1/2) = R2(r).Z2 (C1/2)   (10)
At the boundary conditions of the two materials  
 Z1 (C1/2) = Z2 (C1/2)
 R1(r) = R2(r)
Thus, only one unknown has to be considered  
  R(r) = R1(r) = R2(r)    (11)
The heat flux comes only from energy convicted into the fin 
between radius ‘r’ and the outer radius of the fin. We write the 
solution of temperature distribution parameter for a two material 
fin may written as

  (12)
It is possible to write general expression for
Z1 (z) and Z2 (z)

  (13)
the value of δ2 may be approximated, for thin fins with a thin 
coating by noting, when ‘Ѳ’ is small cos(Ѳ)  1 and sin(Ѳ)  1 
at this conditioning get the equation 

    (14) 
 When , C1=C2 (one material fin) find that equation (14) 
reduces to the traditional expression of δ 

 Temperature distribution in basic fin is 

                                        (15)
Finally the expression of the ‘R’ function of the coated fin,according 
to Bessels functions may be written as

 (16)
Similarly the expression of the ‘R’ functions of the basic fin 
according to Bessels functions may be written as

 (17)
The expression of the efficiency of the basic fin and the coated fin 
are derived by using the ‘R’ function. As the efficiency of a fin is 
defined as the ratio of the actual convection flux to the convection 
flux the fin would have transmitted if the outer surface were at 
the temperature of the foot (base) of the fin.
 Efficiency of the fin

    (18)  
Finally the expression of the efficiency of the coated fin

 (19)
  Similarly the expression of the efficiency of the basic fin

 (20)

III. Applications 
The typical fin have a thicknes between 0.2mm to 1mm, The 
diameter of the tubes that support the fins generally ranges from 10 
to 50mm.and the temperature along the  fin radius varies from  from 
0.01m to 0.03m. Coating thicknesses range from 50 to 150µm. For 
the Thermal conductivity of steel (λ1) =50 W/m K,  Zinc, (λ2)= 
111W/m K and Zinc alloy (Zn=95.37%, Al=4.3%,Mg=0.08%, 
Cu=0.25%) (λ2)=113W/m K.
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For figs. 2-4, compare the efficiency of basic fin to the efficiency 
of coating finforvarious geometrical charecteristics convection 
coefficients and coating thickness.
Influence of the thickness of the core material on the efficiency 
ratio is plotted against, the coating thickness as shown in fig 2.
It is observed that, for a given coating thickness, the efficiency of 
the basic fin and the corresponding composite fin increases with 
core thickness. But the rate of increase of basic fin efficiency 
is more than composite fin. Therefore the fin efficiency ratio 
decreases with increasing core thickness.
With a thicker core fin, the effect of coating (Zinc and Zinc alloy) 
on the apparent conductivity of the composite fin is reduced. 
Hence the thicker the basic fin, the lower is the gain in composite 
fin efficiency.
The gain in efficiency ratio at thicker core (C1=0.001m) is 11.72 
%. But at the thinner core (C1=0.0002m), the gain in efficiency 
ratio is 33.57 % for Zinc coated fin. Similarly the gain in efficiency 
ratio at thicker core (C1=0.00lm) is 11.92 %. But at the thinner 
core (C=0.0002m), the gain in efficiency ratio is 33.61% noticed 
for the fin coated with Zinc alloy.

Zinc                         --------- Zinc alloy
 Re=0.03m                                     Rb =0.0lm
h = 50W/m2 K   

Fig. 2:

Influence, of the fin base radius on the efficiency ratio is plotted 
against, the coating thickness as shown in fig 3.
To study the influence of base radius, the efficiency ratio was 
plotted against coating thickness as shown in fig. 3. Five plots 
were drawn corresponding to the data at five different values of 
base radius i.e. for Rb=0.01 m, 

Zinc              --------- Zinc alloy
Rb =0.0lm                      h = 50W/m2 K
      (Re /Rb) = 2

Fig. 3:

Rb=.0.02m, Rb =0.03m, Rb=0.04m and Rb =0.05m, While studying 
the influence of base radius, the other variables suchas radius 
ratio (Re/Rb ),convection coefficient (h) and the thickness of the 
core(C1) were kept constant. For a given radius ratio (Re/Rb), the 
length of the fin is proportional to the base radius. When the base 
radius increases, the fin length and the corresponding temperature 
gradient in the fin increases. Therefore the efficiency of the basic 
fin and the composite fin decreases, which gives high efficiency 
ratio.
It is also observed that, the increase in efficiency ratio is 10.46-
28.02% for Zinc coated fin and 10.63-28.34% for the fin coated 
with Zinc alloy.
Temperature variation along the fin radius the coating thickness 
as shown in fig 4.
Along the radial distance of the fin, the fall in the temperature 
was observed in all the three cases. The fall in the temperature 
in case of Zinc alloy coated fin was found to be less, due to its 
higher thermal conductivity compared to that of the basic fin, 
Because the higher thermal conductivity of the material minimize 
the temperature variations in the fin. Zinc coated fin also reported 
similar results.

Zinc            ----------- Zinc alloy                  core 
material

Rb =0.0lm     Re=0.03m                       
          

Fig 4
Results obtained from the analytical solution have been compared 
with ANSYS results. The variations between the results have been 
quantified calculating the percentage deviation.

U(x) = X 100
U(x) = percentage deviation at the coating thickness [C2-C1)/2] 
= 50 μm

 = Temperature in basic fin at fin radius 
0 .01m

 = Temperature in basic fin at fin radius 
0 .03m
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Table 1: Percentage Deviation at the Coating Thickness [C2-C1)/2] 
= 50 μm

Sl.no. Material
U(x) %
Analytical  
results

U(x)  %  ANSYS
results

1 Steel 22.18 24.19
2 Zinc 19.43 19.88
3 Zinc alloy 19.04 19.74

IV. Conclusions 
In this thesis work, an attempt is made to study the efficiency of 
annular composite fins with rectangular profile, when coated with 
Zinc and Zinc alloy, under two dimensional steady state conditions. 
In this regard, the following conclusions were drawn.
The efficiency of the fin decreases with increase in fin length. The 
efficiency of the fins increases with increase in core thickness. 
Coating with a high thermal conductivity increases the efficiency of 
the fins. The coating is more effective, on thin fins. The efficiency 
ratio may be increased by as factor of two for long and thin fins. 
The temperature decreases from the base to the tip of the fin. The 
temperature variation on the surface of the fin is minimized by 
applying high thermal   conductivity coatings. 
Finally from the analysis the efficiency and corresponding the 
efficiency ratio of the Zinc Alloy coated fin is slightly greater 
than the Zinc coated fin.
Results obtained from the analytical solution have been compared 
with ANSYS results. It has been observed that there is a good 
correlation between both the results. 
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