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Abstract
Kinematic synthesis of four bar linkage has various applications 
in automobile, Medical re- habilitation and mechanism for various 
machines and engines etc. Different methods are available for 
synthesis of the four-bar linkage, these includes synthesis for 
function, path, motion generation with finite precision points. Most 
mechanism synthesis is followed by using Freudenstein equation 
with optimized precision points using Chebyshev’s polynomials. 
In some cases the method provides possibilities to find simple 
solutions of the synthesis tasks. These solutions are known as the 
best Chebyshev’s approach of the weighted target function. This 
approach is near the best one for the original target function. 
In precision point method using Chebyshev’s polynomial, 
Structural error at few positions is reduced to zero, above 
procedure compared with the randomly selected precision points, 
whereas for all other positions it is non-zero value and varies in 
an un-predictable way. Thus optimization of structural error is 
important as higher points are to be achieved. This formulation 
established for three position generation by Freudenstein Equation 
is extended for four position generation.Also it is found that the 
link dimensions for a set of optimized structural error can be 
modified by solving non-linear equations in extended Freudensein 
technique. Higher programming language (C language) is used, to 
get the exact values of accuracy points, input (coupler) and output 
(follower) angles are obtained. To plot the curves between Actual 
&theoretical functions vs precisionpoints’Minitab is used.
The work carried out here consider four position function 
generation for a four bar mechanism. Few functions for out-put 
link is taken, using Freudenstein equation design parameters (input 
and output angles) are calculated, followed by overall structural 
error in a given function. 
Overall error of four bar mechanism has been calculated. For every 
function of mechanism has been drawn with the help of Auto-
Cad. Also graphs were plotted between the Actual & theoretical 
functions vs precision points. Several number of functions has 
been considered and that are y=x1.5, y=1/x,y=x2, y=ln x,y=log 
x,y=ex,y=tan x,y=sin x.  
With the methodology presented here, link dimensions are 
optimized for lest overall error. Similar analysis can be applied 
for few more functions as per applications. 
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Notation
F(x), f(x) : Generated and Prescribed Function
D1, D2,……Dn : Design Parameter
μ : Transmission Angle
β : Angle between Driver and Coupler
l1, l2, l3, l4 : Link Length
θ2 : Input Angle
θ4 : Output Angle
a0, a1, a2 : Constant of Polynomial Equation
x0, xf : Start and Final range of x

θs, θf : Range of Input Angle
n : Number of Precision Point

I. Introduction
A mechanical linkage is an assembly of bodies connected to 
manage forces and movement. The movement of a body, or link, 
is studied using geometry so the link is considered to be rigid. 
The connections between links are modeled as providing ideal 
movement, pure rotation or sliding for example, and are called 
joints. A linkage modeled as a network of rigid links and ideal 
joints is called a kinematic chain.
Linkages may be constructed from open chains, closed chains, or 
a combination of open and closed chains. Each link in a chain is 
connected by a joint to one or more other links. Thus, a kinematic 
chain can be modeled as a graph in which the links are paths and 
the joints are vertices, which is called a linkage graph.
The movement of an ideal joint is generally associated with a 
subgroup of the group of Euclidean displacements. The number 
of parameters in the subgroup is called the Degrees of Freedom 
(DOF) of the joint.
Mechanical linkages are usually designed to transform a given input 
force and movement into a desired output force and movement. 
The ratio of the output force to the input force is known as the 
mechanical advantage of the linkage, while the ratio of the input 
speed to the output speed is known as the speed ratio. The speed 
ratio and mechanical advantage are defined so they yield the same 
number in an ideal linkage.
A kinematic chain, in which one link is fixed or stationary, is 
called a mechanism, and a linkage designed to be stationary is 
called a structure.
A four-bar linkage, also called a four-bar, is the simplest movable 
closed chain linkage. It consists of four bodies, called bars or 
links, connected in a loop by four joints. Generally, the joints are 
configured so the links move in parallel planes, and the assembly 
is called a planar four-bar linkage

Fig. 1: A Planar Four-Bar Linkage (Watt Linkage) used as a Train 
Suspension
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Planar four-bar linkages are important mechanisms found in 
machines. The kinematics and dynamics of planar four-bar 
linkages are important topics in mechanical engineering. 
Planar four-bar linkages are constructed from four links connected 
in a loop by four one degree of freedom joints. A joint may be 
either a revolute that is a hinged joint, denoted by R, or a prismatic, 
as sliding joint, denoted by P. The planar quadrilateral linkage is 
formed by four links and four revolute joints, denoted RRRR. 
The slider-crank linkage is constructed from four links connected 
by three revolute and one prismatic joint, or RRRP. The double 
slider is a PRRP linkage
Planar quadrilateral linkage, RRRR or 4R linkages have four 
rotating joints. One link of the chain is usually fixed, and is called 
the ground link, fixed link, or the frame. The two links connected 
to the frame are called the grounded links and are generally the 
input and output links of the system, sometimes called the input 
link and output link. The last link is the floating link, which is 
also called a coupler or connecting rod because it connects an 
input to the output.
Precision point synthesis assures the mechanism exactly satisfying 
the kinematic requirements in a limited number of positions 
called exact points. Between these points the output error varies 
in an unpredictable way, the maximum error depending upon the 
number and disposition of these points.

II. Literature Survey
Literature review is an assignment of previous task done by some 
authors and collection of information or data from research papers 
published in journals to progress our task. It is a way through 
which we can find new ideas, concept. There is lot of literatures 
published before on the same task; only two papers are taken into 
consideration from which idea of the project is taken.
A.G. Erdman and S. Faik [1] (1999) in his paper titled “A 
Generalised Performance Sensitivity Synthesis Methodology For 
Four Bar Mechanisms” published in a journal “ Mechanism and 
Machine Theory” explained the term sensitivity coefficient The 
idea of sensitivity coefficient is defined and derived by Erdman and 
Faik. According to them, sensitivity coefficient is a mathematical 
expression which represents the change in output variable because 
of small change in the mechanism parameters like link length. 
The relationship for sensitivity coefficient is a very useful tool 
for analysis of errors in the given four bar chain. The relationship 
between the sensitivity to sensitivity of link lengths and the location 
of the moving pivot of four bar link mechanisms is investigated 
for the particular objectives of three and four positions synthesis 
maps with iso-sensitivity curves plotted in design solution space 
allows the designer to synthesis a planer mechanisms with desired 
sensitivity values or to optimize sensitivity from a set of acceptable 
design solutions.
Todorov describes a new dimensional synthesis method in his paper. 
The position function of the four-bar mechanism is presented by 
the Freudenstein.s equation and it is minimized by the Chebyshev.s 
best approximation theory. The target function is used as an exactly 
satisfied equation and Freudenstein.s equation is considered as 
a Chebyshev.s polynomial. In some cases the method provides 
possibilities to find simple solutions of the synthesis tasks.
A simple numerical approach for optimum synthesis of a class of 
planar mechanisms is presented by Cossalter, et al 5. In this study 
a numerical method for optimum synthesis of planar mechanisms, 
generators of functions, paths and rigid motions, is presented. 
Design parameters have wide variability ranges, inside which 
first guesses, demanded by the iterative minimization procedure, 

can be chosen at random.
Lio, et al 6 presented a paper which deals with the use of natural 
co-ordinates for the synthesis of mechanisms using optimization 
methods. The modelling of a mechanism with natural coordinates, 
like any other multi-body system, is carried out by means of a 
system of algebraic constraint equations.

III. Analytical Approach of Freudenstein
In contrast to the graphical approach, Freudenstein developed 
an analytical approach for analysis and design of four-link 
mechanisms. which relate the rotation angles Φ and ψ in terms of 
the link lengths a, b, c and d. This equation also appears in reference 
[3] and [4] in author’s closure and equation (2), respectively. 
The scalar equation, which is now known as the Freudenstein 
equation, essentially is the condition for the assembly of the links 
(also called the loop-closure constraint) in a four-link mechanism 
at a given Φ. We follow the development of the Freudenstein 
equation using fig. 3.

Fig. 2: Four Bar Linkage

The frame is normalized to unity and the other lengths are 
denoted by b, c and d, and the input and output angle are Φ and 
ψ, respectively. The vector AB locating point B with respect to 
A can be obtained in terms of b and angle Φ, likewise the vector 
AC = AD + DC can be obtained in terms of 1, d and angle ψ. 
Since the vector equation
AB + BC = AD + DC
must be always satisfied to assemble the four-link mechanism, 
Freudenstein wrote the scalar equation.
BC· BC = (AB + CD + DA) · (AB + CD +DA)
In the above equation, the vectors CD and DA are equal to the 
negative of DC and AD, respectively, and the symbol ̀ ·’ represents 
the vector dot product operation. Simplifying equation (2), 
Freudenstein obtained a simple scalar equation.
R1 cos Φ − R2 cos ψ + R3 = cos (Φ − ψ)
With A as the origin of a X-Y coordinate system, the [x, y] 
coordinates of B and C can be written as [ - b cos (Φ), b sin (Φ) 
] and [1 - d cos (ψ), d sin (ψ ) ], respectively. The negative signs 
arise due to the choice of Φ and ψ by Freudenstein in figure 
3. In this derivation, the input and output angles are measured 
counter-clockwise positive from a horizontal X axis and are thus 
π - Φ and π - ψ, respectively. Substituting the [x, y] coordinates 
of B and C, equation (2) becomes c2 = [1 - d cos(ψ) + b cos(Φ), d 
sin(ψ) - b sin(Φ)] · [1 - d cos(ψ) + b cos(Φ), d sin(ψ) - b sin(Φ)]. 
On performing the vector dot product, we get 1+ d2 + b2 + 2b 
cos (Φ) – 2d cos(ψ) – 2bd (cos (Φ – ψ) ) = c2. Rearranging and 
dividing both sides by 2 bd,  
where 
R1 = 1/d (4) 
R2 = 1/b (5) 
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R3 = (1 + b2 – c2 + d2)/ (2bd) 
The Freudenstein Equation and is readily applicable to kinematics 
analysis of four-bar mechanisms – from known links lengths and 
the input angle Φ, the output angle ψ can be found. Using the well 
known tangent half-angle trigonometric formulas for sine and 
cosine of angle ψ, it is possible to show that there are two possible 
ψ’s for a given angle Φ – a fact consistent with the graphical 
results obtained earlier.
Equation (3) can also be directly used for three precision point 
synthesis for a function generating four-link mechanism. Given 
three values of input Φi, i=1, 2, 3, and the corresponding three 
values of output ψi, i=1, 2, 3, one can substitute these angle pairs 
in equation (3) to obtain three linear equations in R1, R2 and 
R3. Once R1, R2 and R3 are obtained from the solution of the 
linear equations, one can easily obtain the link lengths b, d, and 
c. It is interesting to compare the graphical approach and the 
analytical approach for three precision point design of a four-link 
mechanism. In the former the centre of a circle is to be determined 
from three points in a plane whereas in the latter three linear 
equations need to be solved – both are very straight forward! 
A second difference is in the choice of the design variables – in 
the graphical approach the starting rotation of output link ψs is 
determined from the construction (Note: in fig. 2, C1 is not the 
same as C ) where as in the analytical approach this is inherently 
assumed which in turn yields the three linear equations. Finally, 
in the analytical approach, the solution of the linear equations 
may give negative values of R1 and R2. Since the link lengths d 
and b cannot be negative, d and b must be thought of as vectors, 
and when R1, R2 are negative π must be added to the initial angles 
ψs, Φs, respectively.
For designing with larger number of precision points, Freudenstein 
introduced two new variables pi and qi denoting the rotation angles 
from unspecified and arbitrary starting positions Φs and ψs. Setting 
Φ = Φs + pi and ψ = ψs + qi, equation (3) now can be written as
R1 cos (Φs + pi) − R2 cos (ψs + qi) + R3 = cos[(Φs + pi) − (ψs + 
qi)], i = 1, 2, 3, 4, 5
The above equation  can be used for four and five precision point 
synthesis. In his thesis [2] and his paper [4], Freudenstein develops 
a detailed solution for function generation with four and five-
precision point synthesis for a four-link mechanism. Finally, to 
extend the equation for six and seven precision-point synthesis, 
Freudenstein introduced scale factors rΦ and rψ to convert the input 
and output angles into functional variables x and y related by y = 
f(x), and pi and qi were rewritten as pi = rΦ (xi - xs) and qi = rψ(yi 
- ys). Since the scale factors are unspecified, two new variables 
are added to equation (7) and Freudenstein could achieve up to 
seven precision point synthesis for a function generating four-link 
mechanism. It may be noted that for more than three precision 
points non-linear transcendental equations (7) need to be solved 
– in fact solution of non-linear equations goes hand-in-hand with 
modern kinematics of mechanisms and machines!
In addition to finite precision point synthesis, Freudenstein also 
derived detailed formulation to design four-link mechanisms when 
only one precision point together with a number of derivatives, 
such as velocity and acceleration, are prescribed. One can clearly 
see the power and elegance of the Freudenstein analytical approach 
when four or more precision points are to be used or when 
derivative information is required to be used – in the graphical 
approach, the geometry constructions become very complex 
whereas Freudenstein’s approach can be easily programmed in 
a computer

IV. Synthesis of Mechanism
A frequent requirement in design is that of causing an output 
member to rotate, oscillate or reciprocate according to the specified 
function of time or function of the input motion; this is called the 
function generation. When a mechanism is designed to generate a 
given function or trace a given curve, it is not possible in general 
to obtain a mathematically exact solution but that the mechanism 
fits the function or curve at only a finite number of points, the 
accuracy points. The number of these accuracy points is equal to 
the number of fixed parameters that may be used in the synthesis. 
The problem considered here is that of spacing the accuracy points 
within the interval of function generation to minimize the errors 
between accuracy points. Given multiple sets of precision points 
generated by function, the objective is to synthesis a mechanism 
that can trace each set of precision points. Consider the function 
f(x) to be approximated in a given interval of variation of x by 
means of a mechanism which generates function F(x; D1,D2,.,Dn) 
where D1,...,Dn, are the values of the n design parameters in 
the linkage. The difference between these two functions is the 
structural error. f(x)-F(x, D1,D2,...,Dn) The general appearance 
of the structural error when plotted against x.

Fig. 3: Four-Bar Mechanism

Fig. 4: Maximum and Minimum Values of the Transmission 
Angle

The maximum and minimum values are shown in fig. 3.
The minimum value of transmission occurs at 0 degree of input 
angle. The corresponding values can be obtained by using above 
equation. Mechanical Advantage is directly propositional to the sin 
of Transmission angle, and inversely propositional to sinβ, When 
sinβ = 0, The Mechanical Advantage = ∞. Thus at such a position 
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only a small input torque is necessary to overcome a large output 
torque load. This is the case when the driver is directly in line with 
the coupler is said to be Toggle position. As Transmission Angle 
become small Mechanical Advantage decreases, and even small 
amount of friction will cause the mechanism to lock or jam.

IV. Methematical Formulation

Fig. 5: Linear Relationship.
For function generation Formulation:
Initially taking polynomial equation as function, Y=f(x),
 Y = a0 + a1x + a2x2

Where a0, a1, a2, are constants of polynomial equation. Using 
chebychev spacing derives equation which gives relation between 
constants of coefficient of polynomial equation and link lengths 
of four bar mechanism.
From n accuracy points, by using chebychev spacing, for given 
range X0 < X < Xn+1, presion points are obtained.
If θ is input crank angle, φ is output follower angle and ranges 
from 0° to 360°.If f and s consider as final and start values then, 
Range of θ = θf – θs, Range of φ = φf – φs,
By assuming linear relationship between x and θ, from equation 
values of θ and φ are obtained.

Complex Number Modeling in Kinematic Synthesis
The great majority of planar linkage may be thought of as 
combination of vector pair called ‘Chebyshev’s’ [3]. The equation 
of closure for the four bar links if Z1, Z2, Z3, Z4 are assuming 
as link lengths of four bar mechanism then in the first position 
equation will be,

Fig. 6: Four-Bar Mechanism for Three Precision Points

Z2 + Z3 + Z4 - Z1 = 0
In case of function generation, only angular relations between the 
linkages of the mechanism will be considered, so it can be set,
 Z1=0
 Z2 + Z3 + Z4 – 1 = 0
In polar notation
 Z2eiθ + Z3eiγ + Z4eiψ – 1 = 0
The three equations for three precision points,
Z2 + Z3 + Z4 = 1
Z2eiθ2 + Z3eiγ2 + Z4eiψ2 = 1
Z2eiθ3 + Z3eiγ3 + Z4eiψ3 = 1
Considering the three precision positions
θ1 = 36.028°, θ2 = 75.00°, θ3 = 113.97°,
φ1 = 54.15°, φ2 = 87.50°, φ3 = 132.09°,
Link lengths are: [Z1, Z2, Z3, Z4] = [ 1, 0.995, 0.78, 0.96]
In precision point method using Chebyshev’s polynomial, 
Structural error at few positions is reduced to zero, above 
procedure compared with the randomly selected precision points, 
whereas for all other positions it is non-zero value and varies in 
an un-predictable way. Thus optimization of structural error is 
important as higher points are to be achieved. This formulation 
established for three position generation by Freudenstein Equation 
is extended for four position generation.Also it is found that the 
link dimensions for a set of optimized structural error can be 
modified by solving non-linear equations in extended Freudensein 
technique.

V. Results
The start and final range of range of X will be taken as 1 and 3 
respectively then by use of Chebychev formula for three precision 
points, function generator values can be obtained. By assuming 
range of input and output the following result table will be 
obtained.

Table 1:  Result Table

s.no
Precision 
Points (X)
values

Function 
Generator 
(y) values

Input 
Angel

Output 
angle

1 1.1340 4.5538 36.028o 54.15o
2 2.00 9.00 75.00o 87.50o
3 2.866 14.946 113.97o 132.09o

The generalized solutions for getting comparison between input 
angle and transmission angle, bita angle, mechanical advantage 
and generalize code for getting link lengths for function generation 
and finding structural error are obtained. The basic procedure for 
the numerical solution is as follows:

Calculate all values of x from chebychev spacing.1. 
Take values of a0, a1, a2.2. 
Calculate y values by substituting x values in polynomial 3. 
equation. 
Take the values of θf, θs, φf, and φs.4. 
Calculate θi and φi by using linearity.5. 
Prepare Freudensein equations for three precision points.6. 
Evaluate link lengths from Freudensein  equations.7. 

Taking various combination of input – output ranges and different 
constants of co-efficient of polynomial equations, synthesis can 
be done from generalize code in MATLAB.

VI. Conclusion
On the Freudenstein equation presented in this paper represents 
the effectiveness of the motion by reducing the structural errors at 
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little position with the help of Chebyshev’s polynomial. It optimize 
the best solution for overall errors occurred in link dimensions 
during motion and path. It also proves that we can obtain accurate 
values for both input and output angles.
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