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Abstract
This paper discusses the application of a modular linear Bayesian 
calibration approach to the thermal challenge problem as posed 
at the Sandia Validation Challenge Workshop. The effects of 
material property uncertainty, model uncertainty, and residual 
variation are propagated through the one-dimensional linear 
thermal conduction model to assess if the specified regulatory 
requirement is satisfied. This is accomplished by quantifying 
the uncertainty in the material property coefficients and through 
sequentially calibrating and then bias correcting the thermal model 
by using the provided experimental data. The benefits of modular 
linear regression versus traditional Gaussian Process emulation 
are discussed along with the advantages of modular calibration 
versus performing emulation, calibration, and bias correction 
simultaneously. This paper demonstrates that complex Gaussian 
Processes are not always needed for uncertainty analysis and that 
a modular calibration methodology can be employed in place of 
a simultaneous approach.
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I. Problem Description
The thermal challenge problem provided by Dowding et al. (2008) 
as part of the Sandia Validation Challenge Workshop describes 
transient heat flow through a one-dimensional slab of material. The 
slab boundary conditions are a specified flux on the x=0 face and 
adiabatic on the x=L face. The provided analytical thermal model 
results in a temperature distribution in the slab as follows:

 (1)

where:
ρCp volumetric heat capacity (material property)
k thermal conductivity (material property)
L  thickness of the material (variable input)
q  heat flux (variable input)
T material temperature (response)
Ti initial ambient temperature (constant)
t time after the onset of heating
x location within the material

The goals of the problem as stated by Dowding et al. (2008) 
are:

Use material characterization data to estimate the uncertainty • 
in physical properties associated with the mathematical 
model.
Make an assessment of model accuracy within an available • 
database consisting of a number of experiments (exploring 
design and/or operation factors) that are clearly related to, but 
may not be fully relevant to the intended application.
Make an assessment of model accuracy for a limited number • 
of tests, which are nearly representative of the application 

parameter space, but at a point outside the parameter space 
of the previously available database.
Assess regulatory compliance using all available information • 
from the previous validation activities.

To estimate the physical quantities, thermal conductivity (k) and 
volumetric heat capacity (ρCp), material characterization data are 
provided as a function of temperature. Two sets of data, ensemble 
and testing, are given to assess model accuracy. The ensemble data 
suite are distant in the design space from the intended application 
but are related. It is assumed that experiments closer to the 
regulatory design point are more costly. Limited testing data are 
obtained at a design point similar to the application design point 
but are not exact. This data are more representative of the expected 
application. Participants are asked to provide three solutions for 
three different levels of experimental data or to solve just the high 
data level. Only the high data solution is presented in this paper. It 
is assumed that the one-dimensional slab is a safety critical device 
and thus there is a regulatory requirement as follows:

p(T(x,t = 1000s) > 900°C) < 0.01   (2)

where:
p probability
T material temperature (response)
t time after the onset of heating
x location within the material

Regulatory compliance must be assessed with associated statements 
of confidence. For a complete description of the thermal problem 
and the validation data, see Dowding et al (2008).

II. Motivation

A. Linear Model
There are several advantages to using a linear model when it 
is appropriate. First, emulation and calibration calculations are 
simple and fast. Second, linear results are easy to interpret. Finally, 
a linear model is consistent with the “keep it simple” philosophy. 
Many real world problems can be solved with linear models that 
are more accessible to non-experts.

B. Modular Approach
A modular approach separates emulation, calibration, and bias 
correction into distinct steps rather than performing each step 
simultaneously as proposed by Kennedy and O’Hagan (2001). 
There are several benefits to the modular approach. First, it is 
computationally more efficient because emulation parameters are 
not re-evaluated during the calibration and bias correction steps. 
Second, it is not always appropriate to bias correct a physics-based 
model. Pure empirical terms may not be appropriate beyond the 
original design space. Finally, the modular steps provide natural 
stopping points for examination. It is easier to interpret and 
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examine the results when the procedure is broken into distinct 
steps.

III. Material Data Characterization

A. Data
The thermal challenge problem provides material characterization 
data to estimate the uncertainty in material properties. The 
conductivity and volumetric heat capacity data are plotted against 
temperature.

Fig. 1: Material Data Versus Temperature

B. Estimation of Uncertainty
Through visual inspection of the material data versus temperature 
plots, it becomes evident that thermal conductivity (k) is linearly 
dependent on temperature while volumetric heat capacity (ρCp) is 
not dependent on temperature. At this point, one should question the 
appropriateness of the physics based model because the volumetric 
heat capacity is not a function of temperature in Eq. (1). 

Normal independent probability design functions are used to 
represent the uncertainty in the material property data. To test 
this hypothesis, a Lilliefors test for normality (Lilliefors 1967) 
is performed. The test is run at a 5% significance level using the 
Matlab® function lillietest. The results of the test indicate that 
the normality assumption is valid.

Since the normality assumption is appropriate, estimates for μ 
and σ2 need to be generated for k and ρCp. The best estimate 
for μ is x̅, which is calculated by using the entire dataset. The 
estimates for μ are 0.0628 (W/m°C) and 393900 (J/m3°C) for 
k and ρCp respectively. To estimate σ2, the s2 value for material 
data corresponding to each temperature value is calculated. The 
maximum s2 value is used as the estimate for σ2. This value most 
accurately represents the material property variation at a given 
temperature value. It would be a gross overestimation to use the 
entire dataset to represent the true variance. This is because there is 
a linear trend with respect to temperature. The goal is to analyze the 
given model with the best uncertainty estimated, not to be overly 
conservative. The estimates for σ2 are 0.0530*10-3 ((W/m°C)2) 
and 2.1050*109 ((J/m3°C)2) for k and ρCp respectively.

IV. Modular Emulation, Calibration, and Bias 
Correction

A. Treatment of Output
There are two forms of experimental data. The ensemble data 
supplies the temperature at x=0 (m) from times 0 (s) to 1000 (s) in 
intervals of 100 seconds. The testing data has temperature values at 
x = 0, x = L/2, and x = L from times 0 (s) to 1000 (s) in intervals of 

50 seconds. In all of these experiments, the maximum temperature 
occurs at x = 0 (m) and t = 1000 (s). The data produced at this 
point is used for model validation and uncertainty quantification 
because it is the limiting point.

B. Residual Error
Experimental residual variation represents the minimum level 
of uncertainty that can be achieved by the model with the given 
experimental data. There are no model modifications that can be 
made to decrease this uncertainty. The only way to reduce the 
experimental residual variation is to provide more and/or higher 
quality experimental data. Experimental residual variation comes 
from two sources, uncontrolled parameters within the experiment 
and measurement uncertainty. Thus, additional data will reduce the 
uncertainty in the estimation of the residual variation. However, 
only improved experimental data from using more accurate 
measurement techniques or controlling more experimental 
parameters can reduce residual variation.

Before the residual variation is estimated, the data must be tested 
from homoscedastic variance to ensure that the variance is constant 
though the entire design space. To test for homoscedasticity, 
Bartlett’s Test (Bartlett and Kendall 1946) and Levene’s Test 
(Levene 1960) is employed using Minitab® (Minitab 2010). 
Barlett’s Test (Bartlett and Kendall 1946) should only be used 
when the data comes from the Gaussian distribution because it is 
not robust to deviations from normality. Levene’s Test (Levene 
1960) is intended for continuous but not necessarily normal 
distributions. Assuming that the measurements are ~N(0,σ2), 
Barlett’s Test is more appropriate but both tests are run to see if 
there are any discrepancies. Both tests are run at a 5% significance 
level. The p-values are for 0.514 and 0.410 for the Bartlett and 
Levene tests respectively.
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Fig. 2: Test of Homescedastic Variance

Both homoscedastic tests indicate that the variance is homoscedastic 
because the p-value is greater than the significance level 0.05. The 
Bonferroni confidence intervals are large due to the lack of data 
available. The Bonferroni confidence interval at the point (L,q) 
= (0.019m,3500W/m2) is especially wide because there are only 
two data points at that location. The wide Bonferroni confidence 
intervals indicate that there would need to be a significant difference 
in the variances to determine that the variances were unequal with 
95% confidence. Since the residual variance is homoscedastic, it is 
possible to estimate the pooled variance (σp

2) of the experimental 
data.
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   (3)

    (4)

     (5)

where:
IG Inverse Gamma distribution
y array of output data
X array of regression data
m number of distinct sites
n number of experiments

The median variance value is 601.1 (°C2). This is a model 
independent value and is used to verify the accuracy of the final 
uncertainty assessment.

C. Emulation
The univariate linear regression model is shown below 
(Montgomery et al. 2001).

    (6)
where:
y response variable
X regressor variables
β regression coefficients
ε residual errors
n number of observations
p number of regression coefficients. The number of   
 regression coefficients is p+1 if there is an intercept   
 term.

The residual errors are assumed to be uncorrelated with E(ε)=0 
and Var(ε)=σ2. It is assumed that the observations are independent. 
The least-squares estimator of β is shown below.

    (7)

The (Xt X)-1 matrix will always exist if the regressors are linearly 
independent. The fitted regression model is shown below.

     (8)
A set of training data is needed to build the emulator. A latin 
hypercube (Fang et al. 2006) of 80 design points was generated 
using L, q, k, and ρCp as the input variables. The physics based 
model (Eq. 1)was then run for each latin hypercube design point. 
This is the least squares estimate for .

Table 1: Coefficients

Constant L q k ρCp

638.1 -6378.4 0.2397 -2744.2 -0.000785

An actual versus predicted temperature plot is shown below. This 
is the actual temperature produced by the physics based model (Eq. 
1) versus the predicted temperature produced by the emulator.

Fig. 3: Actual Versus Predicted Temperature Results

The figure above shows that there is good agreement between 
the physics based model and the linear emulator. This is further 
validated by an R2 statistics of 98.69%. Thus, the linear emulator 
can be used in place of the actual physics based model.

D. Calibration
In the univariate linear regression model, the regressor variables 
are a combination of variable inputs (X) and unknown parameters 
(θu). The unknown parameters will be treated as calibration 
parameters. It is important to note that the linear regression 
coefficients (β) are not treated as calibration parameters. They 
are fixed through the calibration approach. This is considered to 
be a modular Bayesian approach. The calibration theory starts 
with Bayes’ Theorem (Bolstad 2007).

p(θ│y) αp(θ)p(y│θ)    (9)

Bayes’ Theorem states that the posterior is proportional to the 
prior multiplied by the likelihood. The calibration parameters 
are θ∈(θu,σε

2), which consist of the unknown parameters and 
the variance of the residual error term in the univariate linear 
regression model. The errors are assumed to be independent 
and distributed N (0,σε

2). This assumption means the physical 
experiments are treated as independent and that the measurement 
error is assumed normal and homoscedastic throughout the entire 
design space. y represents the experimental output data. The prior 
function (p(θ)) is defined as:

    (10)

where:
p(θi) : A problem specific informative prior for each calibration 
parameter

 : the standard non-informative prior

k : Number of calibration parameters
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The likelihood function (p(y|θ)) is defined as:

 (11)

where:
yj  jth experimental output result
ηj (x,θu)  jth computer model output corresponding to   
  the jth experimental output result
n  number of physical experiments

The normal likelihood function assumes that the measurement error 
associated with the physical experiments is normally distributed. 
Furthermore, all of the physical experiments are assumed to be 
independent. These are consistent with the assumptions made 
about the residual error. Because the physical experiments are 
assumed to be independent, all of the likelihood probabilities can 
be multiplied together. Finally, the posterior function is:

 (12)

The Metropolis algorithm (Metropolis et al. 1953) is used to 
calculate the posterior distribution as follows:

Initialize θ1. 
Given the current realization θ2. t, generate θ* from a symmetric 
jumping distribution J(θ*|θt). Symmetry requires J(θ1 |θ2) = 
J(θ2 |θ1)
Compute the Metropolis acceptance probability (α)3. 

    (13)

The ratio eliminates the need to evaluate the denominator of 
p(θ|y)

4. Set θt+1= θ* with probability α and set θt+1 = θt with probability 
1-α

5. Iterate over steps 2-4 until convergence
The jumping distribution (Gelman et al. 2004) is:

   (14)

     (15)

where:
d number of calibration parameters

 maximum a posteriori (MAP) estimate of θ
I  Fisher’s information matrix at the MAP estimate of θ
Fisher’s information matrix is calculated from the Hessian 
matrix.
I-1 = -H-1      (16)
The ith, jth entry of the Hessian matrix is defined as:

     (17)
 
The second derivative of the log posterior can be approximated 
numerically using finite differences:

 (18)

where:
ei unit vector corresponding to the ith component of θ
δi a small value (such as 0.0001) that is low enough to 

approximate the derivative and high enough to avoid round 
off error on the computer

To improve the stability of the Markov Chain, two techniques 
are employed (Gelman et al. 2004). First, the residual variance is 
transformed to work on the log scale. This improves the stability 
of the Markov Chain because the log of the residual variance can 
be on both the negative and positive side of the real number line 
while the residual variance must be positive. The following is the 
transformation to put the residual variance on the log scale:

     (19)

     (20)

     (21)

   (22)
The second technique is to calculate the log posterior:

  (23)

Now the transformation is applied to log posterior function.

(24)

 (25)

Working with the log posterior improves numerical stability by 
replacing multiplication with addition. Multiplying many small 
numbers can cause numerical inaccuracies. For the thermal 
challenge problem the posterior distributions for k and ρCp are 
shown in fig. 4 and the residual plots are shown in fig. 5.

Fig. 4: Posterior Distributions for k and ρCp
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Fig. 5: Residual Plots

The residual plots show that there is a clear bias in the model 
and that this bias is most pronounced where L = 0.019m and q = 
3000 W/m2. Given that the regulatory assessment point is at (L,q) 
= (0.019m,3500W/m2), this bias will strongly effect regulatory 
requirement results. There are two paths to remedy this solution. 
The analyst could launch a deep dive into the physics of the model 
and add the missing terms and\or improve the validation data. This 
would be the ideal choice. The other choice is to bias correct the 
original model by adding empirical terms. This is less desirable 
for reasons stated before but is a much easier and cheaper solution. 
For the thermal challenge problem, the physics based model will 
be bias corrected before assessing the regulatory requirement.

E. Bias Correction
Bias correction adds empirical terms to the model. The bias 
function is defined as:

  (26)

where θ* is the underlying true values for the calibration parameters 
in the real-world experiments and α is the regression coefficients 
for bias function. The bias equation is a mean function for the 
residuals left after calibration. The residuals are calculated over 
the entire probability distributions for θ at discrete design points x 
using the least-squares estimate ( ). The bias function regression 
coefficients (α) are calculated using the least-squares method 
described in section IV.C. The final model after bias correction 
is:

 (27)

One difference between the meta model (η) and the bias function 
(δ) is the best fit least squares estimates are used in the meta 
model while the regression parameters in the bias function 
remain uncertain. This follows a philosophy of using the best 
physics-based model or emulator while accounting for all of the 
uncertainty.

Fig. 6: Bias Function

The bias function and residuals are plotted against the variable 
inputs q and L. The residuals are the difference between the meta 
model and the experimental data while accounting for updated 
calibration samples of k and ρCp. Fig. 6 shows that the bias 
functions follows the mean of the residuals through q. Heat flux 
(q) is a larger driver of the final results than thickness (L). That is 
why the bias function follows the residuals when plotted against 
heat flux but not against thickness. The bias function is sufficiently 
accounting for the nonrandom difference between the meta model 
and the real world data.

V. Regulatory Assessment and Conclusions
The final probability of failing the regulatory requirement is 
0.03757 which is greater than the acceptable probability of failure 
of 0.01. Fig. 7 shows the final uncertainty distribution.

Fig. 7: Prediction Uncertainty at the Regulatory Design Point

This result is consistent with other solutions to the thermal 
challenge problem. Hills et al. (2008) provides a summary of 
other solutions to the thermal challenge problem. The probability 
of failing the regulatory requirement answers range from 0.03 to 
0.25 in the summary provided by Hills et al. (2008).
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Table 2: Summary of Regulatory Requirement Solutions (Hills 
et al. 2008)

Author P(T>900°C), High 
Data Level Comment

Brandyberry 
(2008) 0.24

0.16 Interpolated 
surrogate model

0.06 Bias correction

0.05
Bias correction, 
interpolated 
surrogate model

Ferson et al. 
(2008) 0.25

0.05 Effective 
conductivity

Higdon et al. 
(2008) 0.03

0.17 Sensitivity 
analysis

0.25 Monte Carlo

0.09
Effective 
conductivity, 
sensitivity analysis

0.14
Effective 
conductivity, 
Monte Carlo

Liu et al. (2008) 0.04
McFarland and 
Mahadevan (2008) 0.17

Rutherford (2008) 0.15

The final median variance of the residuals is 615.3. This value is 
comparable to the model pooled variance and proves that all major 
sources of uncertainty have been quantified. This demonstrates 
that simpler emulation approaches like least-squares regression 
can be used in place of more complex Gaussian Processes for 
real world problems when the regression uncertainty is small. In 
addition, this shows that modular Bayesian emulation, calibration, 
and bias correction can be employed rather than simultaneous 
Bayesian updating. This allows for computational efficiency and 
a procedure that requires thoughtful examination before adding 
empirical terms.
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